The main aim of this paper is to obtain optimality conditions for a constrained set-valued optimization problem. The concept of Clarke epiderivative is introduced and is used to derive necessary optimality conditions. In order to establish sufficient optimality criteria we introduce a new class of set-valued maps which extends the class of convex set-valued maps and is different from the class of invex set-valued maps.
Introduction
The significance of the study of set-valued maps is due to its applications in various fields such as economics, game theory and differential inclusions (see Aubin and Ekeland [3] ). These maps are also involved at various instances in nonsmooth analysis. For example, tangent cones, subgradients and inverse of functions are all set-valued maps.
In the literature various approaches have been followed in defining the concept of derivative for set-valued maps. Aubin [1, 2] introduced the concept of derivatives in terms of the contingent cones and the Clarke [5] tangent cones, to the graph of set-valued maps. Luc [10] and Corley [6] established optimality criteria in terms of these derivatives for set-valued optimization problems. However, while characterizing optimality conditions, it is useful to consider derivatives involving epigraph of setvalued maps rather than their graphs (see [9, 11] ). Jahn and Rauh [9] introduced the notion of epiderivative via contingent cones to the epigraph of set-valued maps. It is important to note that Jahn and Rauh [9] introduced a single-valued map as the derivative of a set-valued map. Since the contingent cones are not necessarily convex, Gotz and Jahn [8] required the convexity of the set-valued maps in order to derive the necessary optimality conditions for a set-valued optimization problem. Sach and Craven [11] introduced a derivative, in the sense of Aubin and Ekeland [3] , by considering Clarke tangent cone to the epigraph where the derivative introduced is a set-valued map. The notion of invexity for set-valued maps was also introduced by Sach and Craven [11] and optimality conditions were obtained for a constrained set-valued optimization problem. Motivated by the works of Gotz and Jahn [8] and Sach and Craven [11] we introduce here the notion of a Clarke epiderivative of a set-valued map. We would also like to mention that this Clarke epiderivative is a single-valued map, unlike the derivative considered by Sach and Craven [11] .
In Section 2 some basic definitions and results are given. In Section 3 we introduce the notion of Clarke epiderivative for set-valued maps in terms of Clarke tangent cone. Fritz John type necessary optimality conditions are obtained in this section, for a constrained set-valued optimization problem in terms of the Clarke epiderivative. In Section 4 of the paper the notion of arcwise connectedness is introduced for set-valued maps as an extension of the notion of convexity. We demonstrate the effectiveness of this new class of maps in proving sufficient optimality criteria for the optimization problem considered in Section 3. With the help of an example it has been shown that this class of set-valued maps is different from the class of invex set-valued maps considered by Sach and Craven [11] .
Preliminaries
For any real normed linear space Y , let 0 Y denote the origin of Y and let Y * denote the dual space of Y . Let C be a pointed closed convex cone in Y and let Sach and Craven [11] introduced the concept of derivative, in the sense of Aubin and Ekeland [3] , forF.x/ = F.x/ + C. Let gr.F/ denote the graph of a set-valued map
The derivative ofF at .x * ; y * / ∈ gr .F/ is the set-valued map DF.x * ; y * / whose graph is T c .epi.F/; .x * ; y * //, that is gr.DF .
Y is said to be C-convex on S, where S is a convex subset of X, if for all x 1 ; x 2 ∈ S; Þ ∈ [0; 1]
The following alternative theorem is by Craven [7, Theorem 3.4.2] .
LEMMA 2.1. Let X and Y be real normed linear spaces and C be a closed convex cone in Y with nonempty interior. Let the single valued map f : S → Y be C-convex where S is a convex subset of X. Then exactly one of the following systems has a solution
.i/ There exists x ∈ S such that − f .x/ ∈ int C. .ii/ There exists ' ∈ C * ; ' = 0 Y * ; such that '. f .x// ≥ 0 for all x ∈ S.
Necessary optimality criteria
In this section we first introduce the concept of Clarke epiderivative for a set-valued map F : X → 2 Y . As T c .epi.F/; .x * ; y * // is a convex set it follows that D c F.
On the lines of Theorem 4 of Jahn and Rauh [9] we can establish the following result. We now derive the necessary optimality criteria for a constrained set-valued optimization problem. Let X; Y; Z be real normed linear spaces and let C and D be pointed convex cones in Y and Z respectively, with nonempty interiors. Let F : X → 2 Y and G : X → 2 Z be set-valued maps. Consider the following set-valued optimization problem
* ; y * ; z * / is said to be a weak minimizer
We now establish the following necessary optimality theorem for Problem (P). THEOREM 3.1. If .x * ; y * ; z * / is a weak minimizer of (P), then there exists
PROOF. We will first prove that
for any x ∈ X, where int C denotes the interior of C. Suppose on the contrary there exists u ∈ X such that
where As T c .epi.F; G/; .x * ; y * ; z * // ⊆ T .epi.F; G/; .x * ; y * ; z * // there exists a sequence .x n ; y n ; z n / with x n ∈ X, y n ∈ F.x n / + C; z n ∈ G.x n / + D and a sequence .½ n / of positive real numbers such that lim n→∞ .x n ; y n ; z n / = .x * ; y * ; z * / and lim n→∞ ½ n .x n − x * ; y n − y * ; z n − z * / = .u; v; w/:
Thus, we have that y * ∈ y N + int C. As y N ∈ F.x N / + C, it follows from (1) that y * ∈ F.x N / + C + int C, that is,
We can suitably choose N such that ½ N > 1. Since z * ∈ −D we have .1−.1=½ N //z * ∈ −D. As D is a convex cone, on using (1) it follows that
is a feasible solution of (P). Thus (2) contradicts the fact that .x * ; y * ; z * / is a weak minimizer of (P).
Since REMARK 3.3. In a recent paper by Gotz and Jahn [8] necessary optimality conditions were obtained for Problem (P) in terms of the contingent epiderivative assuming the cone-convexity of the set-valued maps F and G. However when the necessary optimality conditions are derived in terms of the Clarke epiderivative no convexity assumption is required on the set-valued maps F and G. 
Sufficient optimality criteria
In this section we first introduce a new class of set-valued maps which extends the class of convex set-valued maps and use it to derive sufficient optimality conditions for the optimization problem (P).
Avriel [4] introduced the concept of arcwise connectedness as a generalization of convexity by replacing the line segment joining two points by a continuous arc. A subset S of X is said to be an arcwise connected set if for all x 1 ; x 2 ∈ S there exists a continuous arc H x1;x2 .Þ/ defined on [0; 1] with a value in S such that H x1;x2 .0/ = x 1 and H x1;x2 .1/ = x 2 .
Y is said to be C-arcwise connected at x * ∈ S, where S is an arcwise connected subset of X and C is a pointed convex cone in Y , if for all x ∈ S, Þ ∈ [0; 1],
A set-valued map F is said to be C-arcwise connected on S, if it is C-arcwise connected at each x * ∈ S.
Clearly every C-convex set-valued map is C-arcwise connected where H x1;x2 .Þ/ = .1 − Þ/x 1 + Þx 2 . The following examples illustrate that the converse is not necessarily true.
The set-valued map F is C-arcwise connected on S, but it is not C-convex because for x = .1; 0/, u = .0; 1/, Þ = 1=2 the following does not hold 
From the definition of F we can see that F is set-valued map since at each x ∈ R, F.x/ is the set consisting of two sequences from Y , defined in that particular fashion. It can be seen that F is a C-arcwise connected set-valued map on S, but it is not C-convex, because for x = 1; u = 3; Þ = 1=2 the following does not hold
Sach and Craven [11] generalized the concept of invexity for set-valued maps. One of the generalizations, namely invex 2 is given in terms of the the derivative DF.x * ; y * / ofF at .x * ; y * / whereF.x/ = F.x/ + C. A set-valued map F : X → 2 Y is said to be invex 2 at .x * ; y * / ∈ gr.F/, if for every x ∈ X there exists Á ∈ X such that
We now give an example of a C-arcwise connected set-valued valued map which is not invex 2 for any Á ∈ X.
. It can be seen that F is C-arcwise connected on S but is not invex 2 at .x * ; y * / = .0; 0/, because for .x; y/ = .1; −1/ the following does not hold
We now characterize a C-arcwise connected set-valued map in terms of its epigraph. The following theorems give necessary conditions for C-arcwise connectedness of a set-valued map. PROOF. Let x ∈ S and y ∈ F.x/. Define a sequence .x n ; y n / as x n = H x * ;x .1=n/ ; y n = y * + .y − y * /=n:
As S is an arcwise connected set, it follows that x n ∈ S. Also lim n→∞ y n = y * and lim n→∞ x n = x * . As F is a C-arcwise connected set-valued map, we have
that is, y n ∈ F.x n / + C. Hence the elements of the sequence .x n ; y n / belong to epi.F/ with lim n→∞ .x n ; y n / = . As .'; − / ∈ N .epi.F/; .x * ; y * // we have '.H x * ;x .0+// − .y − y * / ≤ 0 which implies the result.
We now turn to the main result of this section. Sufficient optimality conditions are obtained in terms of contingent epiderivative and not in terms of Clarke epiderivative, as necessary condition for C-arcwise connectedness set-valued map is known in terms of contingent epiderivative (see Theorem 4.2.).
